


35 Pedro Quaresma & Pierluigi Graziani    Demonstrações geométricas automáticas...

DEMONSTRAÇÕES GEOMÉTRICAS 
AUTOMÁTICAS, SIMPLES, LEGÍVEIS E 
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1. Introdução 
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2.  Simplicidade de uma Demonstração Matemática 
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2.1.  Simplicidade em Geometria 

 

Geometrografia 

 

 
 

 

• 𝑅𝑅1
• 2𝑅𝑅1
• 𝑅𝑅2
• 𝐶𝐶1
• 2𝐶𝐶1
• 𝐶𝐶2
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𝑙𝑙1𝑅𝑅1 + 𝑙𝑙2𝑅𝑅2 + 𝑚𝑚1𝐶𝐶1 + 𝑚𝑚2𝐶𝐶2 

 
𝑙𝑙𝑖𝑖 𝑚𝑚𝑗𝑗

𝑙𝑙1 + 𝑙𝑙2 + 𝑚𝑚1 +𝑚𝑚2
𝑙𝑙1 + 𝑚𝑚1

 

Geometrografia em Geometria Dinâmica 

𝐷𝐷 𝑛𝑛 𝐶𝐶

• 𝐷𝐷
• 2𝐶𝐶
• 2𝐶𝐶
• 2𝐶𝐶
• 4𝐶𝐶
• 2𝐶𝐶
• 2𝐶𝐶
• 2𝐶𝐶
• 3𝐶𝐶
• 2𝐶𝐶
• 2𝐶𝐶
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• 2𝐶𝐶
• 2𝐶𝐶
• 2𝐶𝐶
• 2𝐶𝐶

𝐶𝐶𝑆𝑆𝑔𝑔𝑔𝑔𝑔𝑔 20, 8

1 ≤ 𝐶𝐶𝑆𝑆𝑔𝑔𝑔𝑔𝑔𝑔 ≤ 18 18 < 𝐶𝐶𝑆𝑆𝑔𝑔𝑔𝑔𝑔𝑔 ≤ 28
𝐶𝐶𝑆𝑆𝑔𝑔𝑔𝑔𝑔𝑔 > 28

𝛥𝛥𝛥𝛥𝛥𝛥𝐶𝐶 𝐹𝐹
𝛥𝛥𝐶𝐶 𝐷𝐷 𝐸𝐸 𝐶𝐶 𝛥𝛥 𝛥𝛥𝛥𝛥 𝛥𝛥𝐶𝐶
𝐹𝐹𝐹𝐹 𝐷𝐷𝐸𝐸 𝐹𝐹 𝐹𝐹 𝐷𝐷𝐸𝐸

19
6

𝛥𝛥 𝛥𝛥 𝐶𝐶
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Geometrografia na Demonstração Automática de Teoremas 

 

CSgcl =  19 = 3𝐃𝐃 = 16𝐂𝐂
CFgcl =   6  

 

Figura 1. Coeficientes para a construção, GEO0369 (TGTP) 

 

𝑛𝑛𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂

• 𝐀𝐀𝐀𝐀
• 𝐆𝐆𝐀𝐀
• 𝑛𝑛 𝐀𝐀𝐀𝐀𝐀𝐀𝐂𝐂
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𝑛𝑛1𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂 + 𝑛𝑛2 × 𝐀𝐀𝐀𝐀 + 𝑛𝑛3 × 𝐆𝐆𝐀𝐀 + ∑ 𝐀𝐀𝐀𝐀𝐀𝐀𝐣𝐣
𝑙𝑙𝑘𝑘

𝑗𝑗=𝑙𝑙1

 

 

𝑛𝑛1 𝑛𝑛2
𝑛𝑛3 ∑ 𝐀𝐀𝐀𝐀𝐀𝐀𝐣𝐣𝑙𝑙𝑘𝑘

𝑗𝑗=𝑙𝑙1

 

CSproof = 𝑛𝑛1 + 𝑛𝑛2 + 𝑛𝑛3 + ∑ CSproof
𝑙𝑙𝑘𝑘

𝑗𝑗=𝑙𝑙1

(𝐀𝐀𝐀𝐀𝐀𝐀𝐣𝐣) 

 

𝐀𝐀𝐀𝐀𝐀𝐀𝐣𝐣
∑ CSproof𝑙𝑙𝑘𝑘
𝑗𝑗=𝑙𝑙1 (𝐀𝐀𝐀𝐀𝐀𝐀𝐣𝐣)

𝐀𝐀𝐀𝐀𝐀𝐀𝟗𝟗
CSproof(𝐀𝐀𝐀𝐀𝐀𝐀𝟗𝟗) = 74 .

 

𝐀𝐀𝐀𝐀𝐀𝐀𝟗𝟗 𝑅𝑅 𝑃𝑃𝑃𝑃 𝐴𝐴 𝐵𝐵

𝒮𝒮𝑅𝑅𝑅𝑅𝑅𝑅 =
𝑃𝑃𝑅𝑅
𝑃𝑃𝑃𝑃 𝒮𝒮𝑃𝑃𝑅𝑅𝑅𝑅 +

𝑅𝑅𝑃𝑃
𝑃𝑃𝑃𝑃 𝒮𝒮𝑃𝑃𝑅𝑅𝑅𝑅

 

𝛥𝛥𝐴𝐴𝐵𝐵𝛥𝛥 𝒮𝒮𝑅𝑅𝑅𝑅𝐴𝐴 𝐴𝐴𝐵𝐵 𝛥𝛥𝐶𝐶 𝑅𝑅𝑅𝑅
𝐴𝐴𝐶𝐶

𝛥𝛥𝐴𝐴𝐵𝐵𝛥𝛥 𝒫𝒫𝑅𝑅𝑅𝑅𝐴𝐴
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CSgcl =   22 = 4𝐃𝐃 + 18𝐂𝐂
CFgcl =   8   

 

• 𝑠𝑠 = 𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

• 1 × 𝐆𝐆𝐆𝐆 𝒮𝒮𝑅𝑅𝐴𝐴𝐴𝐴 = 𝑠𝑠 − 𝒮𝒮𝐴𝐴𝑅𝑅𝐴𝐴 − 𝒮𝒮𝐴𝐴𝐴𝐴𝑅𝑅

• 1 × 𝐀𝐀𝐀𝐀𝐀𝐀𝟏𝟏𝟏𝟏
𝐴𝐴𝑅𝑅
𝐴𝐴𝐴𝐴 = 𝑟𝑟 (CSproof(𝐀𝐀𝐀𝐀𝐀𝐀𝟏𝟏𝟏𝟏) = 8)

• 1 × 𝐀𝐀𝐀𝐀𝐀𝐀𝟓𝟓
𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴
𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴

= 𝑅𝑅𝐴𝐴
𝐴𝐴𝐴𝐴 (CSproof(𝐀𝐀𝐀𝐀𝐀𝐀𝟓𝟓) = 18)

• 1 × 𝐆𝐆𝐆𝐆 𝑅𝑅𝐴𝐴
𝐴𝐴𝐴𝐴 = 𝐴𝐴𝐴𝐴−𝐴𝐴𝑅𝑅

𝐴𝐴𝐴𝐴

• 2 × 𝐀𝐀𝐆𝐆 𝐴𝐴𝐴𝐴−𝐴𝐴𝑅𝑅
𝐴𝐴𝐴𝐴 = (1 − 𝑟𝑟) 𝒮𝒮𝐴𝐴𝑅𝑅𝐴𝐴 = (1 − 𝑟𝑟)𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴

• 1 × 𝐀𝐀𝐀𝐀𝐀𝐀𝟓𝟓
𝒮𝒮𝐵𝐵𝐴𝐴𝐴𝐴
𝒮𝒮𝐵𝐵𝐴𝐴𝐴𝐴

= 𝐴𝐴𝑅𝑅
𝐴𝐴𝐴𝐴 (CSproof(𝐀𝐀𝐀𝐀𝐀𝐀𝟓𝟓) = 11)

• 2 × 𝐀𝐀𝐆𝐆 𝒮𝒮𝐴𝐴𝐴𝐴𝑅𝑅 = 𝑟𝑟𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴 𝒮𝒮𝑅𝑅𝐴𝐴𝐴𝐴 = 𝑠𝑠 − (1 − 𝑟𝑟)𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴 −

𝑟𝑟𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴

• 2 × 𝐆𝐆𝐆𝐆 𝒮𝒮𝑅𝑅𝐴𝐴𝐴𝐴 = 𝑠𝑠 − (1 − 𝑟𝑟)(𝑠𝑠 −

𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴) − 𝑟𝑟(𝑠𝑠 − 𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴)

• 7 × 𝐀𝐀𝐆𝐆 𝒮𝒮𝑅𝑅𝐴𝐴𝐴𝐴 = 𝑠𝑠 − 𝑠𝑠 + 𝑟𝑟𝑠𝑠 + 𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑟𝑟𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑟𝑟𝑠𝑠 +

𝑟𝑟𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴 𝒮𝒮𝑅𝑅𝐴𝐴𝐴𝐴 = 𝑟𝑟𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴 + (1 − 𝑟𝑟)𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴 𝒮𝒮𝑅𝑅𝐴𝐴𝐴𝐴 = 𝐴𝐴𝑅𝑅
𝐴𝐴𝐴𝐴 𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴 + 𝑅𝑅𝐴𝐴

𝐴𝐴𝐴𝐴 𝒮𝒮𝐴𝐴𝐴𝐴𝐴𝐴
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4𝐃𝐃 + 18𝐂𝐂 + 4𝐆𝐆𝐆𝐆 + 11𝐀𝐀𝐆𝐆 + 1𝐀𝐀𝐀𝐀𝐀𝐀𝟏𝟏𝟏𝟏 + 2𝐀𝐀𝐀𝐀𝐀𝐀𝟓𝟓
 

𝐀𝐀𝐀𝐀𝐀𝐀𝟗𝟗 {
CSproof = 74 = 22 + 4 + 11 + 8 + (18 + 11)
CSgcl = 22  

 

CSproof(𝐀𝐀𝐀𝐀𝐀𝐀𝟏𝟏𝟏𝟏) = 8 CSproof(𝐀𝐀𝐀𝐀𝐀𝐀𝟓𝟓) = 18

CSproof(𝐀𝐀𝐀𝐀𝐀𝐀𝟓𝟓) = 11

    

CSgcl

• CSproof

• CTproof
• CSproofmax

• CDtypeproof
• CDhighproof
• 
• 
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CDhighproof

ℎ𝑝𝑝 < 284 284 ≤ ℎ𝑝𝑝 < 1848
ℎ𝑝𝑝 ≥ 1848

𝐀𝐀𝐀𝐀𝐀𝐀𝟗𝟗
 

𝐀𝐀𝐀𝐀𝐀𝐀𝟗𝟗

{
 
 
 

 
 
 CSproof = 74 = 22 + 4 + 11 + 8 + (18 + 11)

CSgcl = 22
CTproof = 19

CSproofmax = 18
CDtypeproof = 2
CDhighproof = 0

 

 

 

 

3. Legibilidade de uma Demonstração Matemática 
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3.1.  Critérios de Legibilidade 
 

 

 

Critério Maxt-Lems 
 

• 

• 

• 

• 
• 
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maxt ≤ 5 lems ≤ 10 lems ≤ 20

𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥 𝑃𝑃

𝐷𝐷 = 𝛥𝛥𝑃𝑃 ∩ 𝛥𝛥𝛥𝛥 𝐸𝐸 = 𝛥𝛥𝑃𝑃 ∩ 𝛥𝛥𝛥𝛥 𝐹𝐹 = 𝛥𝛥𝑃𝑃 ∩ 𝛥𝛥𝛥𝛥 𝐴𝐴𝐴𝐴
𝐴𝐴𝐹𝐹 ×

𝐹𝐹𝐵𝐵
𝐵𝐵𝐷𝐷 ×

𝐷𝐷𝐶𝐶
𝐶𝐶𝐴𝐴 = 1 𝑃𝑃

𝛥𝛥𝛥𝛥 𝛥𝛥𝛥𝛥 𝛥𝛥𝛥𝛥 𝛥𝛥 𝛥𝛥 𝛥𝛥

 

maxt = 1 lems = 3

 

 
Figura 2. Teorema de Ceva, Construção Geométrica 

 

 

Factor de de Bruijn 
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⇔
<=>
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Limitações do Critério ML e Factor de de Bruijn 
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Um Critério Geometrográfico 

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = ((CSproof − CTproof) × (CDhighproof + CDtypeproof))

(CSproof − CTproof)

CTproof
CSproof

CSproof CTproof

(CDhighproof + CDtypeproof)
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≤ 48000
48000 < ≤ 135000 > 135000

GRCPGEO0001 = (220 − 32) ×
(0 + 3) = 564 ≤ 48000

 

𝙶𝙶𝙶𝙶𝙶𝙶𝙶𝙶𝙶𝙶𝙶𝙶𝙶𝙶

{
 
 
 

 
 
 CSproof = 8554

CSgcl = 11
CTproof = 591

CSproofmax = 2807
CDtypeproof = 13
CDhighproof = 3

 

48000 < 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 127408 ≤ 135000 
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CSproof

 

 
Figura 3. TGTP, GEO0021, Circuncentro de um Triângulo 

 

Comparando os Diferentes Critérios 
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4. Teoremas Matemáticos Interessantes 
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Filtrando Teoremas Interessantes 



57 Pedro Quaresma & Pierluigi Graziani    Demonstrações geométricas automáticas...
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Resultado de Indecidibilidade 

𝑝𝑝

• 𝑝𝑝
• 𝑝𝑝

𝑝𝑝

𝑝𝑝
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𝑝𝑝 𝑡𝑡

𝑝𝑝 𝑡𝑡

𝑝𝑝

𝑝𝑝

𝑝𝑝
𝑀𝑀

𝑀𝑀 𝑝𝑝

 

5. Conclusões 
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́
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